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REPRESENTATION-THEORETIC PROPERTIES OF BALANCED
BIG COHEN-MACAULAY MODULES
ABDOLNASER BAHLEKEH, FAHIMEH SADAT FOTOUHI AND SHOKROLLAH
SALARIAN
Abstract. Let (R,m, k) be a complete Cohen-Macaulay local ring. In this
paper, we assign a numerical invariant, for any balanced big Cohen-Macaulay
module, called h-length. Among other results, it is proved that, for a given
balanced big Cohen-Macaulay R-module M with an m-primary cohomological
annihilator, if there is a bound on the h-length of all modules appearing in CM-
support of M , then it is fully decomposable, i.e. it is a direct sum of finitely
generated modules. While the first Brauer-Thrall conjecture fails in general by
a counterexample of Dieterich dealing with multiplicities to measure the size
of maximal Cohen-Macaulay modules, our formalism establishes the validity of
the conjecture for complete Cohen-Macaulay local rings. In addition, the pure-
semisimplicity of a subcategory of balanced big Cohen-Macaulay modules is
settled. Namely, it is shown that R is of finite CM-type if and only if the category
of all fully decomposable balanced big Cohen-Macaulay modules is closed under
kernels of epimorphisms. Finally, we examine the mentioned results in the
context of Cohen-Macaulay artin algebras admitting a dualizing bimodule ω, as
defined by Auslander and Reiten. It will turn out that, ω-Gorenstein projective
modules with bounded CM-support are fully decomposable. In particular, a
Cohen-Macaulay algebra Λ is of finite CM-type if and only if every ω-Gorenstein
projective module is of finite CM-type, which generalizes a result of Chen for
Gorenstein algebras. Our main tool in the proof of results is Gabriel-Roiter
(co)measure, an invariant assigned to modules of finite length, and defined by
Gabriel and Ringel. This, in fact, provides an application of the Gabriel-Roiter
(co)measure in the category of maximal Cohen-Macaulay modules.
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1. Introduction
In representation theory of artin algebras, there is a large body of work on the
connections between representation-theoretic properties of the category of finitely
generated Λ-modules and global structural of the algebra Λ. In this direction, the
first Brauer-Thrall conjecture asserts that if a finite-dimensional algebra A over a
field k is of bounded representation type (meaning that there is a bound on the
length of the indecomposable finitely generated A-modules), then A is of finite
representation type, i.e. the set of isomorphism classes of indecomposable finitely
generated modules is finite; see [29]. This conjecture was proved by Roiter [37]
and it is proved by Ringel [33, 34] over artin algebras. Another instance of this
connection is the pure-semisimple conjecture which predicts that every left pure-
semisimple ring (a ring over which every left module is a direct sum of finitely
generated ones) is of finite representation type. Left pure-semisimple rings are
known to be left artinian by a result of Chase [10, Theorem 4.4]. The validity of
the pure-semisimple conjecture for artin algebras comes from a famous result of
Auslander [2, 4] (see also Ringel-Tachikawa [36, Corollary 4.4]), where they have
shown that an artin algebra Λ is of finite representation type if and only if every
left Λ-module is a direct sum of finitely generated modules. Motivated by Auslan-
der’s result, studying decomposition of Gorenstein projective modules over artin
algebras into finitely generated ones has been the subject of several expositions
(see [9, 12, 25, 38, 39]). In particular, a result of Beligiannis [9, Theorem 4.10]
asserts that Λ is of finite Gorenstein representation type, in the sense that there
are only finitely many isomorphism classes of indecomposable finitely generated
Gorenstein projective Λ-modules if and only if Λ is virtually Gorenstein and any
left Gorenstein projective Λ-module is a direct sum of finitely generated ones. This
solves a problem raised by Chen [12], who proved it for Gorenstein artin algebras.
On the other hand, over the past several decades Cohen-Macaulay rings and
maximal Cohen-Macaulay modules have achieved a great deal of significance in
commutative algebra and algebraic geometry. Hochster and Huneke [18] write that
for many theorems “the Cohen-Macaulay condition (possibly on the local rings of
a variety) is just what is needed to make the theory work.” Let (R,m, k) be a
commutative noetherian local ring. Hochster [19] defines a not necessarily finitely
generated R-moduleM is big Cohen-Macaulay, if there exists a system of parame-
ters of R which is anM-regular sequence. Sharp [40] called a big Cohen-Macaulay
R-module M is (weak) balanced big Cohen-Macaulay, ((weak) balanced big CM,
for short), provided that every system of parameters of R is an (a weak) M-
regular sequence. A finitely generated R-module M is maximal Cohen-Macaulay
(abbreviated, MCM), if it is either balanced big Cohen-Macaulay or zero.
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Motivated by the above mentioned results, the major issues considered in this
paper are when a given balanced big CM module is a direct sum of finitely gen-
erated modules; when every balanced big CM module is so; analogues of the first
Brauer-Thrall conjecture for modules and analogues result for Gorenstein projec-
tive modules over Cohen-Macaulay artin algebras in the sense of Auslander and
Reiten [6, 7].
A natural interpretation of the first Brauer-Thrall conjecture in this context,
states that a commutative noetherian local ring (R,m) is of finite Cohen-Macaulay
type, provided that there is a bound on the multiplicities of indecomposable MCM
modules. Recall that R is said to be of finite Cohen-Macaulay type (finite CM-
type, for short), if there are only finitely many non-isomorphic indecomposable
MCM R-modules. An Example discovered by Dieterich [13], disproved the con-
jecture in general. However, over several classes of rings, this conjecture is known
to be true. Namely, it has been answered affirmatively for complete, equichar-
acteristic Cohen-Macaulay isolated singularities over perfect field, independently
by Dietrich [13] and Yoshino [42]. This result was extended by Leuschke and
Wiegand [27, Theorem 3.4] to the case where the ring is equicharacteristic excel-
lent with algebraically closed residue field k. On the other hand, inspired by the
pure-semisimplicity conjecture, Beligiannis [9, Theorem 4.20] has shown that a
commutative noetherian Gorenstein complete local ring R being of finite CM-type
is tantamount to saying that any Gorenstein projective R-module is a direct sum
of finitely generated modules.
In this paper, we focus our attention on modules of finite type. In fact, we will
treat with the support of a module, instead of all finitely generated indecomposable
modules. Recall that the support of a module M over an artin algebra Λ, denoted
by suppΛ(M), is the set of all indecomposable finitely generated Λ-modules N
such that HomΛ(N,M) 6= 0. It is a consequence of nice results of Auslander
[3, Theorem B] and also Ringel [34, Theorem 1] that, for a given Λ-module M , if
suppΛ(M) is of bounded representation type (meaning that there is a bound on the
length of modules in suppΛ(M), then M is of finite type. Recall that a Λ-module
M is said to be of finite type, provided it is the direct sum of (arbitrarily many)
copies of a finite number, up to isomorphism, of indecomposable modules of finite
length; see [34]. The main tool in Ringel’s proof is Gabriel-Roiter (co)measure,
an invariant assigned to any module of finite length, and defined by Gabriel and
Ringel [15, 32, 35] based on Roiter’s induction scheme in his proof of the first
Brauer-Thrall conjecture.
In order to state our results precisely, let us recall some notions.
From now on, assume that (R,m, k) is a commutative noetherian complete
Cohen-Macaulay local ring with a canonical module ω. We say that a balanced
big CM R-moduleM is of finite CM-type, if it is a direct sum of (arbitrarily many)
copies of a finite number, up to isomorphisms, indecomposable MCM modules and
it is said to be fully decomposable, provided it is a direct sum of finitely generated
modules. The class of all fully decomposable modules will be denoted by FD.
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Moreover, by CM-support of a balanced big CM R-module M , denoted by CM-
suppR(M), we mean the set of all indecomposable MCM R-modules N such that
HomR(N,M) 6= 0. For a (not necessarily finitely generated) balanced big CM
R-module M , we set h(M) = HomR(M,M ⊕ G), where α : G −→ k is a right
minimal MCM-approximation. We say that M has finite h-length, provided that
lR(h(M)) <∞. Also, M is said to have an m-primary cohomological annihilator,
if mth(M) = 0, for t ≫ 0. One should observe that, this is equivalent to saying
that mtExt1R(M,−) = 0, by a theorem of Hilton-Ress [23].
Section 2 of the paper, is devoted to comparing the length of the stable Hom,
h-length, of maximal Cohen-Macaulay modules with classical invariants such as
multiplicity and Betti number.
The main result in section 3 enables us to demonstrate the utilization of the
Gabriel-Roiter (co)measure for the category of balanced big Cohen-Macaulay mod-
ules; see Theorem 3.3. The purpose of section 4 is to study balanced big CM
modules with bounded CM-support. In particular, we prove the result below; see
Theorems 4.7 and 4.9.
Theorem 1.1. A balanced big CM R-module having an m-primary cohomological
annihilator with bounded CM-support is fully decomposable. In particular, the
category of balanced big CM modules with m-primary cohomological annihilators
and of bounded CM-support, satisfies complements direct summands.
In section 5, we investigate balanced big CMmodules with large (finite) h-length,
for instance, we have the following result; see Theorem 5.2.
Theorem 1.2. Let R be an isolated singularity and let M be a balanced big CM
R-module with an m-primary cohomological annihilator. If M is not of finite CM-
type, then there are indecomposable MCM R-modules of arbitrarily large (finite)
h-length.
It should be noted that this result provides a kind of the first Brauer-Thrall
theorem for modules. In particular, it guarantees the validity of the first Brauer-
Thrall conjecture for complete Cohen-Macaulay local rings, considering h-length
as an invariant to measure the size of MCM modules. Indeed, we have the result
below; see Corollary 5.3.
Corollary 1.3. Let the category of all indecomposable MCM R-modules be of
bounded h-length. Then R is of finite CM-type.
We would like to point out that, as already mentioned previously, the first
Brauer-Thrall conjecture fails in general when multiplicity is used as the size, by
an example of Dieterich [13].
In addition, it will be observed that the representation-theoretic properties of
balanced big CM modules have important consequences for the structural proper-
ties of the ring. Actually, Theorem 6.3 asserts that:
Theorem 1.4. If any balanced big CM R-module M admitting a right resolution
by modules in Addω, is fully decomposable, then R is an isolated singularity.
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It seems that this result is a generalization of a result of Chase [10] for the
category of MCM modules. Furthermore, we prove a variant of a celebrated the-
orem of Auslander [2, 4], Ringel-Tachikawa [36], Chen [12] and Beligiannis [9] for
Cohen-Macaulay local rings. In fact, our main result in section 6 reads as follows.
Theorem 1.5. A complete Cohen-Macaulay local ring R is of finite CM-type if
and only if every balanced big CM R-module M with an m-primary cohomological
annihilator, is fully decomposable. Equivalently; the category of all fully decom-
posable balanced big CM modules is closed under kernels of epimorphisms.
The precise statement of the above result is Theorem 6.7.
In the paper’s final section, we are concerned with Cohen-Macaulay artin alge-
bras and Cohen-Macaulay modules in the sense of Auslander and Reiten [7, 6].
Recall that an artin algebra Λ is said to be a Cohen-Macaulay algebra, if there
is a pair of adjoint functors (G,F ) on the category of finitely generated (left)
Λ-module, modΛ, which induce inverse equivalences between the full subcate-
gories of modΛ consisting of the Λ-modules of finite injective dimension and the
Λ-modules of finite projective dimension. It is known that an artin algebra Λ is
Cohen-Macaulay if and only if there is a Λ-bimodule ω such that the pair of ad-
joint functors (ω ⊗Λ −,HomΛ(ω,−)) has the desired properties. In this case, ω is
called a dualizing module for Λ. A (not necessarily finitely generated) Λ-module
M is said to be ω-Gorenstein projective, provided that it admits a right resolution
by modules in Addω. Following Auslander and Reiten [6], a finitely generated
ω-Gorenstein projective module will be called a Cohen-Macaulay module. The
notion of Cohen-Macaulay artin algebras (and also Cohen-Macaulay modules) is
generalizations of commutative complete Cohen-Macaulay local rings as well as
Gorenstein artin algebras (Gorenstein projective modules). In fact, an artin al-
gebra Λ is Gorenstein if Λ is itself dualizing module. The main goal of section
7 is to study the decomposition properties of ω-Gorenstein projective modules in
connection with the property that Λ is of finite CM-type. In this direction, it is
proved that any ω-Gorenstein projective Λ-module M in which CM-suppΛ(M) is
of bounded length, is fully decomposable; see Theorem 7.5. Using this result, we
prove that there exist indecomposable CM Λ-modules of (arbitrarily) large finite
length, if there is a ω-Gorenstein projective Λ-module which is not of finite CM-
type; see Theorem 7.6. This is fruitful from the point of view that it is an analog
of the first Brauer-Thrall theorem for modules over Cohen-Macaulay artin alge-
bras; see Corollary 7.7. In addition, we extend Chen’s result [12, Main theorem]
to Cohen-Macaulay artin algebras. Namely, it is shown that Λ is of finite CM-type
if and only if every ω-Gorenstein projective module is fully decomposable; see
Theorem 7.9.
We would like to emphasize that in proving our results, we strongly use the
notion of Gabriel-Roiter (co)measure; see 3.2 for the definition of Gabriel-Roiter
(co)measure. So our method is totally different from the previous ones which are
based on functorial approach; see for example [9, 12]. It is well understood that
the Gabriel-Roiter (co)measure is a helpful invariant dealing with representations
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of an artin algebra; see [32, 35, 11]. So it seems worthwhile to unfold the use
of this notion in the setting of commutative noetherian rings. In this direction,
our point of view gives another nice feature of the paper which brings the use of
Gabriel-Roiter (co)measure in the context of MCM modules; see also Theorem 3.3.
2. Preliminary results
This section is devoted to stating the definitions and basic properties of notions
which we will freely use in the later sections. We also define length of the stable
Hom, h-length, of balanced big Cohen-Macaulay modules and study its relationship
with well-known invariants, such as multiplicity and Betti number. Let us start
with our convention.
Convention 2.1. Throughout the paper, unless otherwise specified, (R,m, k) is a
d-dimensional commutative complete Cohen-Macaulay local ring with a dualizing
(or canonical) module ω. The category of all (finitely generated) R-modules will
be denoted by (modR) ModR.
2.2. An R-homomorphism f : X −→ Y is called right minimal, provided that any
R-homomorphism g : X −→ X satisfying fg = f , is an isomorphism.
An R-homomorphism f : M −→ X with M is MCM is called a right MCM-
approximation, if the map HomR(L, f) : HomR(L,M) −→ HomR(L,X) is surjec-
tive for any MCM R-module L; and a right minimal MCM-approximation if, in
addition, f is right minimal.
It should be noted that by [5, Theorem A], every finitely generated R-module
admits a right minimal MCM-approximation. In the rest of this paper, we assume
that α : G −→ k is a right minimal MCM-approximation of the residue field k.
Definition 2.3. (1) A local ring (R,m) is called an isolated singularity, if Rp is a
regular ring for all nonmaximal prime ideals p of R.
(2) A finitely generated R-module M is said to be locally free on the punctured
spectrum of R, if Mp is a free Rp-module for all nonmaximal prime ideals p of R.
(3) A system of parameters x = x1, · · · , xd of R is said to be a faithful sys-
tem of parameters, if it annihilates Ext1R(M,N) for any M in MCM modules and
N ∈ modR, ([28, Definition 15.7]). If R-modules M are taken from a subcategory
C of MCM modules, then we will say that x is a faithful system of parameters for
C. In the remainder of this paper, xt, where t > 0 is an integer, stands for the
ideal (xt1, · · · , x
t
d).
(4) Let M be an R-module. A sequence of elements x = x1, · · · , xn ∈ m
is called a weak M-regular sequence, provided that xi is a non-zerodivisor on
M/(x1, · · · , xi−1)M for any 1 ≤ i ≤ n (for i = 1, we mean that x1 is a non-
zerodivisor on M). If, in addition, (x1, · · · , xn)M 6= M , then x is said to be an
M-regular sequence. It is worth remarking that if M is a non-zero finitely gener-
ated R-module, then it follows from Nakayama’s lemma that any weak M-regular
sequence is an M-regular sequence, as well. It is also known that over local rings,
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any permutation of M-regular sequence, is again M-regular sequence.
2.4. (1) We use Xω to denote the subcategory consisting of all R-modules M
admitting a right resolution by modules in Addω, that is, an exact sequence of
R-modules;
0 −→M −→ w0
d0−→ w1
d1−→ · · ·
di−1
−→ wi
di−→ · · · ,
with wi ∈ Addω. By Addω (resp. addω) we mean the full subcategory of ModR
(resp. modR) consisting of all modules isomorphic to direct summands of sums
(resp. finite sums) of copies of ω.
(2) Recall that for a subcategory X of modR, we let X̂ denote the category whose
objects are the modules M for which there is an exact sequence of R-modules;
0 −→ Xn −→ · · · −→ X0 −→M −→ 0 with Xi ∈ X .
Now we introduce the notion of h-length, an invariant to measure the size of
balanced big CM R-modules.
Definition 2.5. (i) For a given balanced big CM R-module M , we set h(M) =
HomR(M,M ⊕G) and define h-length of M as lR(h(M)).
It follows from the definition of h-length that, if R is an isolated singularity, then
any MCM R-module has finite h-length. Recall that for any two R-modulesM,N ;
HomR(M,N) = HomR(M,N)/P(M,N), where P(M,N) is the R-submodule of
HomR(M,N) consisting of all homomorphisms factoring through projective mod-
ules.
(ii) Let C be a subcategory of balanced big CM R-modules. We say that C is of
bounded h-length, if there is an integer b > 0 such that |h(C)| = sup{lR(h(M))|M ∈
C} < b.
Proposition 2.6. Let C be a subcategory of MCM R-modules of bounded h-length.
Then there is a system of parameters x such that xh(M) = 0 for all M ∈ C. In
particular, C admits a faithful system of parameters.
Proof. Take an integer b > 0 such that |h(C)| < b. So for anyM ∈ C, lR(h(M)) < b
implying that mbh(M) = 0. Now choosing a system of parameters x ∈ mb, one
gets that xh(M) = 0. In particular, xHomR(M,M) = 0, for any M ∈ C. Hence
by a theorem of Hilton-Rees [23], we infer that xExt1R(M,−) = 0. So the proof is
finished. 
Lemma 2.7. Let C be a subcategory of MCM R-modules. Then there are bounds
on the multiplicities and Betti numbers of modules in C, simultaneously.
Proof. Assume that there exists an integer b > 0 such that for anyM ∈ C, the Betti
number of M , β(M), is less than b. For a given M ∈ C, take an R-epimorphism
f : Rn −→ M . Tensoring f with R/xR over R, whenever x is an M-regular
sequence, gives rise to the epimorphism f¯ : Rn/xRn −→ M/xM , implying that
lR(M/xM) < b
′, for some integer b′ > 0. So applying [43, Proposition 1.7], we
may deduce that the multiplicity ofM , e(M), is less than s for some integer s > 0.
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This means that e(M) < s for all M ∈ C. The other direction follows from the
well-known fact that, for anyMCM moduleM , β(M) is less than or equal to e(M).
The proof then is complete. 
The next results show that there is a tie connection between the invariants
h-length and multiplicity of MCM modules.
Lemma 2.8. Let C be a subcategory of MCM R-modules and let x be a faithful
system of parameters for C. If there is a bound on the multiplicities of modules in
C, then C is of bounded h-length.
Proof. We first claim that there is an integer b > 0 such that for any M ∈ C,
lR(HomR/xR(M/xM, (M ⊕G)/x(M ⊕G))) < b. To do this, one should note that
according to Lemma 2.7, there is a bound on the Betti numbers of modules in C.
So there is an integer n > 0 in which for any M ∈ C, there exist R-epimorphisms;
f : Rn −→ M and g : Rn −→ M ⊕ G. Tensoring f and g with R/xR over
R, gives rise to epimorphisms f¯ : Rn/xRn −→ M/xM and g¯ : Rn/xRn −→
(M ⊕G)/x(M ⊕G). Now, the R/xR (and also R)-monomorphism;
HomR/xR(M/xM, (M⊕G)/x(M⊕G)) −→ HomR/xR(R
n/xRn, (M⊕G)/x(M⊕G)),
together with R/xR (and also R)-epimorphism;
HomR/xR(R
n/xRn, Rn/xRn) −→ HomR/xR(R
n/xRn, (M ⊕G)/x(M ⊕G)),
lead us to obtain the inequality
lR(HomR/xR(M/xM, (M ⊕G)/x(M ⊕G))) ≤ lR(HomR/xR(R
n/xRn, Rn/xRn)),
giving the claim, because the right hand side is finite. On the other hand, for any
0 ≤ i ≤ d− 1, we have the following exact sequence of R-modules;
0→ (M⊕G)/xi(M ⊕G)
xi+1
→ (M⊕G)/xi(M ⊕G)→ (M⊕G)/xi+1(M⊕G)→ 0,
where xi = x1, · · · , xi (in case, i = 0, we mean xi = 0). This induces the ex-
act sequence of R-modules; HomR(M, (M ⊕G)/xi(M ⊕G))
xi+1
−→ HomR(M, (M ⊕
G)/xi(M ⊕G))
φ
−→ HomR(M,M ⊕ G/xi+1(M ⊕ G)). Since x = xd is a faithful
system of parameters for C and HomR(M, (M ⊕ G)/xi(M ⊕G)) is a submod-
ule of Ext1R(M,Ω
1
R((M ⊕ G)/xi(M ⊕G))), φ will be a monomorphism. Now, it
is easily seen that the inequality lR(HomR(M, (M ⊕ G))) ≤ lR(HomR(M, (M ⊕
G)/x(M ⊕ G))) holds true. By [30, Lemma 2(ii) page 140], we have an isomor-
phism HomR(M, (M ⊕G)/x(M ⊕G)) ∼= HomR/xR(M/xM, (M ⊕G)/x(M ⊕G)).
Hence, there is an integer b > 0 such that lR(HomR(M,M⊕G)) < b, as needed. 
Lemma 2.9. Let C be a subcategory of indecomposable MCM R-modules. If C is
of bounded h-length, then there is an integer b > 0 such that e(M) < b, for all
objects M in C.
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Proof. Assume that M is an arbitrary non-projective object of C. Applying the
functor HomR(M,−) to the short exact sequence of R-modules; 0 −→ m −→
R −→ k −→ 0, gives rise to the following exact sequence;
0 −→ HomR(M,m) −→ HomR(M,R) −→ HomR(M, k) −→ HomR(M, k) −→ 0.
SinceM is non-projective, it can be easily seen that the isomorphism of R-modules
HomR(M, k)
∼= HomR(M, k) holds true. On the other hand, α : G −→ k being a
right minimal MCM-approximation forces HomR(M,G) −→ HomR(M, k) to be an
epimorphism. All of these facts together enable us to infer that lR(HomR(M, k)) <
b, because lR(h(M)) < b. This indeed means that there is a bound on the Betti
numbers of modules in C. Now Lemma 2.7 gives the desired result. 
3. Using Gabriel-Roiter (co)measure in the category of MCM
modules
This section is devoted to bring the use of Gabriel-Roiter (co)measure in the
category of MCM R-modules. The notion of Gabriel-Roiter (co)measure, an in-
variant assigned to any module of finite length, was defined by Gabriel and Ringel
[15, 32, 35]. Since this notion is a basic tool in proving the results of the paper,
we recall it and some of its properties which will be used later.
3.1. Gabriel-Roiter (co)measure: Let Λ be an artin algebra andM a finitely
generated Λ-module. The Gabriel-Roiter measure of M , denoted by µ(M), was
defined in [32] by induction on the length of modules as follows: let µ(0) = 0.
Given a non-zero module M , we may assume by induction that µ(N) is already
defined for any proper submodule N of M . Set
µ(M) = max{µ(N)}+
{
0, if M is decomposable,
1
2lΛ(M)
, if M is indecomposable,
here maximum is taken over all proper submodules N ofM and lΛ(M) denotes the
length of M over Λ. Note that the maximum always exists. We should refer the
reader to [35] for an equivalent definition using subsets of natural numbers, which
reformulates Gabriel’s definition. The Gabriel-Roiter comeasure of M , denoted
by µ∗(M), is defined as −µ(D(M)), where D(M) = HomΛ(M,
∐
(E(S))) in which
E(S) runs over all injective envelope of simple Λ-modules.
3.2. Let us make a list of several basic properties of Gabriel-Roiter (co)measure,
which have been proved by Ringel in [32] and [35].
Property 1. Let Y be a Λ-module of finite length and X ⊆ Y a submodule.
Then µ(X) ≤ µ(Y ). If Y is indecomposable and X is a proper submodule Y , then
µ(X) < µ(Y ).
Property 2. IfM is an indecomposable Λ-module of length n, then µ(M) = a/2n
where a is an odd natural number such that 2n−1 ≤ a < 2n.
It follows from this property that any family of modules of finite length has
only finitely many Gabriel-Roiter measures. Moreover, in view of the equal-
ity lΛ(M) = lΛ(D(M)) and the definition of Gabriel-Roiter comeasure, such a
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family has also only finitely many Gabriel-Roiter comeasures. In particular, by
making use of Lemmas 2.7 and 2.9, there are only finitely many Gabriel-Roitre
(co)measures for any subcategory of MCM modules of bounded h-length.
Main Property ([35, Main property∗]). Let Y1, · · · , Yt, Z be indecomposable
Λ-modules of finite length and assume that there is an epimorphism g : ⊕ti=1Yi −→
Z.
(a) Then min µ∗(Yi) ≤ µ
∗(Z).
(b) If µ∗(Z) = min µ∗(Yi), then g splits.
(c) If µ∗(Yi) starts with µ
∗(Z), then there is some j such that guj is surjective,
where uj : Yj −→ ⊕iYi is the canonical inclusion.
The dual version of the main property (for Gabriel-Roiter measure) has been
also appeared in [35].
The next result and the method of its proof, will play an essential role through-
out the paper.
Theorem 3.3. Let F = {Mi}i∈I be an infinite set of pairwise non-isomorphic
indecomposable MCM R-modules of bounded h-length. Then there exists an infinite
subset I ′ of I such that for any i ∈ I ′, there is a non-zero R-homomorphism
fi :Mi −→ k such that for any i 6= j ∈ I
′, any composition map Mj −→Mi
fi
−→ k
is zero.
Proof. Let us divide the proof into three steps.
step 1. Since F is of bounded h-length, by Proposition 2.6, there is a faithful
system of parameters x for F . In view of Property 2 of 3.2, there are only finitely
many Gabriel-Roiter comeasures for modules M/x2M , µ∗(M/x2M), whenever
M ∈ F .
step 2. Choose an infinite subset F ′ of F consisting of all indecomposable R-
modules Mi with the same Gabriel-Roiter comeasure µ
∗(Mi/x
2Mi). Set I
′ = {i ∈
I | Mi ∈ F
′}. Fix Mi ∈ F
′. We would like to show that any R-homomorphism
⊕i 6=j∈I′Mj −→ Mi is not an epimorphism. Assume on the contrary that there
is an epimorphism ⊕i 6=j∈I′Mj −→ Mi. As Mi is finitely generated, one may find
a finite subset J of I ′, say J = {1, 2, · · · , s} such that the R-homomorphism
φ : ⊕sj=1Mj −→ Mi is an epimorphism, implying that φ¯ : ⊕
s
j=1(Mj/x
2Mj) −→
Mi/x
2Mi is an epimorphism as well. Since µ
∗(Mi/x
2Mi) = µ
∗(Mj/x
2Mj) for any
1 ≤ j ≤ s, by Main property of 3.2, φ¯ is a split epimorphism and so, for some
j ∈ J the isomorphism Mj/x
2Mj ∼= Mi/x
2Mi holds. Now Nakayama’s lemma
leads us to obtain the isomorphism Mj ∼= Mi, and this contradicts the hypothesis
that modules in F (and so F ′) are non-isomorphic.
step 3. We prove that for any i ∈ I ′, there is a non-zero R-homomorphism
fi : Mi −→ k such that for any i 6= j ∈ I
′, any composition map Mj −→
Mi
fi
−→ k is zero. Set K = 〈Imφ〉, where φ runs over all R-homomorphisms
φ : ⊕i 6=j∈I′Mj −→ Mi. According to the proof of the previous step, Mi/K is
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non-zero and so there is a non-zero homomorphism g : Mi/K −→ k. Therefore,
fi = gpii : Mi −→ k is a non-zero R-homomorphism, where pii : Mi −→ Mi/K
is the natural epimorphism. Moreover, it is obvious from the construction of R-
homomorphisms f ,is that Mj −→ Mi
fi
−→ k is zero, for any i 6= j ∈ I ′. So the
proof is completed. 
4. Balanced big CM modules with bounded CM-support
The main theme of this section is to show that every balanced big CM module
with m-primary cohomological annihilator and of bounded CM-support, is fully
decomposable.
It follows from the definition that balanced big CM modules need not be closed
under direct summands in general. The next result leads us to provide a criterion
to fix this restriction; see Corollary 4.3.
Lemma 4.1. Let M be a weak balanced big CM R-module and x = x1, · · · , xd a
system of parameters of R such that xExt1R(M,−) = 0 over ModR. If M/xM is
a projective R/xR-module, then M is projective as an R-module.
Proof. We prove by induction on d. Assume that d = 1. Since M/x1M is a
projective R/x1R-module, we have pdRM/x1M ≤ 1 and so Ext
i
R(M/x1M,−) = 0
over ModR, for any i ≥ 2. So by applying the functor HomR(−, N), where N
is in ModR, to the short exact sequence of R-modules; 0 −→ M
x1−→ M −→
M/x1M −→ 0, one obtains an exact sequence Ext
1
R(M,N)
x1−→ Ext1R(M,N) −→ 0.
This means that Ext1R(M,N)
∼= x1Ext
1
R(M,N). By the hypothesis, the right hand
side vanishes, implying that Ext1R(M,−) = 0 and then M is projective over R.
Now suppose that d > 1 and the result has been proved for all values smaller than
d. Setting S = R/xd−1R, whenever xd−1 = x1, · · · , xd−1, we have pdSR/xR ≤ 1,
implying that pdSM/xM ≤ 1, as well. Considering the following exact sequence
of S-modules;
0 −→M/xd−1M
xd−→M/xd−1M −→ M/xM −→ 0,
one gets an isomorphism xdExt
1
S(M/xd−1M,−)
∼= Ext1S(M/xd−1M,−) over ModS.
Now one may apply [30, Lemma 2 (ii) page 140], in order to conclude that the
isomorphism Ext1S(M/xd−1M,−)
∼= Ext1R(M,−) holds true over ModS. On the
other hand, by the hypothesis, xdExt
1
R(M,−) = 0. All of these facts enable us
to deduce that Ext1S(M/xd−1M,−) = 0 over ModS, meaning that M/xd−1M is
projective over S. Therefore, induction hypothesis would imply that M is indeed
projective over R, as desired. 
Lemma 4.2. Let M be a weak balanced big CM R-module and x = x1, · · · , xd a
weak M-regular sequence. If M = xM , then for any integer t > 1, M = xtM .
Proof. If there is an integer 1 ≤ i ≤ d such that M = xiM , then it is evident that
for any integer t > 1, M = xtiM and so, the equality M = x
tM follows. Suppose
that, for any i, M 6= xiM . Letting xd−1 = x1, · · · , xd−1, the hypothesis gives rise
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to the isomorphism; M/xd−1M
xd−→ M/xd−1M . In particular, the composition
map M/xd−1M
xd−→ M/xd−1M
xd−→ M/xd−1M is again isomorphism. Indeed,
by continuing this for t times, we conclude that M/xd−1M
xt
d−→ M/xd−1M is an
isomorphism, meaning that M = (x1, · · · , xd−1, x
t
d)M . Since any permutation
of x is again a weak M-regular sequence, continuing this manner for any i, will
complete the proof. 
Corollary 4.3. Let M be a balanced big CM R-module with an m-primary coho-
mological annihilator. Then any non-zero direct summand of M is balanced big
CM.
Proof. Assume that M ′ is a non-zero direct summand of M . Since M is balanced
big CM,M ′ is clearly a weak balanced big CM R-module. Taking an arbitrary sys-
tem of parameters x of R, we must show thatM ′ 6= xM ′. AsM has an m-primary
cohomological annihilator, there is an integer t > 0 such that xtExt1R(M,−) = 0
and so xt annihilates the functor Ext1R(M
′,−), as well. If M ′/xM ′ = 0, then by
Lemma 4.2, M ′/xtM ′ = 0 and thus Lemma 4.1 ensures that M ′ is zero, which is
a contradiction. Hence the proof is finished. 
Theorem 4.4. Let M be a balanced big CM R-module with an m-primary coho-
mological annihilator such that CM-suppR(M) is of bounded h-length. Then M has
an indecomposable MCM direct summand.
Proof. Since M is a balanced big CM R-module, by [20, Theorem A] there is a
direct system {Mi, ϕ
i
j}i,j∈I of MCM R-modules such that M = lim−→Mi. As CM-
suppR(M) is of bounded h-length, according to Proposition 2.6 there is a faithful
system of parameters x for CM-suppR(M). SinceM has anm-primary cohomologi-
cal annihilator, without loose of generality, we may assume that xExt1R(M,−) = 0.
Now M being balanced big CM yields that lim−→Mi/x
2Mi = M/x
2M is non-zero.
Thus, we may take an index j ∈ I and an indecomposable MCM direct summand
Xj of Mj such that the morphism ϕ¯j : Xj/x
2Xj −→ M/x
2M is non-zero. Now
one may consider the fact that ϕ¯j = ϕ¯j+1ϕ¯
j
j+1 and apply the induction argument
to obtain a chain of morphisms of indecomposable R/x2R-modules;
Xj/x
2Xj −→ Xj+1/x
2Xj+1 −→ · · · ,
which has non-zero image in M/x2M and for any i ≥ j, Xi is an indecomposable
direct summand of Mi. This, in particular, means that all X
,
is belong to CM-
suppR(M) and so they are of bounded h-length. So applying Lemmas 2.9 and
2.7, we infer that there is a non-negative integer b such that lR(Xi/x
2Xi) < b.
Now Harada-Sai Lemma [17, Lemma 11], guarantees the existence of an integer
t > 0 such that Xt/x
2Xt −→ Mi/x
2Mi is a split monomorphism, for all i ≥ t.
In particular, Xt/x
2Xt −→ Mi/x
2Mi is a pure monomorphism. This, in turn,
would imply that ϕ¯t : Xt/x
2Xt −→ M/x
2M is pure monomorphism, as well. As
Xt/x
2Xt is finitely generated module over artinian ring R/x
2R, it will be pure
injective, inforcing ϕ¯t to be a split monomorphism. Suppose that g :M/x
2M −→
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Xt/x
2Xt is an R/x
2R-homomorphism with gϕ¯t = idXt/x2Xt . By our assumption,
xExt1R(M,Xt) = 0 and so a verbatim pursuit of the argument given in the proof
of [28, Proposition 15.8] (see also [43, Proposition 6.15]), yields that there exists
an R-homomorphism h :M −→ Xt such that g ⊗R/xR = h⊗R/xR. Therefore,
it is fairly easy to see that hϕt ⊗ R/xR = idXt/xXt . Now Xt being MCM, leads
us to deduce that hϕt = idXt , and thus Xt is a direct summand of M . The proof
now is finished. 
Remark 4.5. Let M be as in the above theorem. The proof of Theorem 4.4,
reveals that for any non-zero element z ∈M/x2M , there is some indecomposable
direct summand X of M such that X/x2X is a direct summand of M/x2M and
z has non-zero component in X/x2X , where x is a faithful system of parameters
for X ,s.
4.6. Let Λ be an artin algebra. A result due to Ringel [32, Theorem 4.2] asserts
that an indecomposable Λ-module X of finite length with µ(X) = γ is relative Σ-
injective in D(γ), where D(γ) is the full subcategory consisting of all Λ-modules
M in which any indecomposable submodule M ′ of M of finite length satisfies
µ(M ′) ≤ γ. That is to say, any submodule M ′ of a module M ∈ D(γ), which
is a direct sum of copies of X will be a direct summand of M . By the aid of a
counterexample, he realized that the hypothesis M ′ being a direct sum of a finite
number of non-isomorphic indecomposable modules of finite length with a fixed
Gabriel-Roiter measure γ, is essential. Indeed, he showed that there are infinitely
many isomorphism classes of submodules Mi of a module M ∈ D(γ) such that for
any i, µ(Mi) = γ, but the embedding ϕ : ⊕iMi −→ M is not split. The argument
given in the proof of the next result reveals that if we impose the hypothesis that
suppΛ(M) is of bounded length, then ϕ will be split.
Theorem 4.7. Let M be a balanced big CM R-module having an m-primary co-
homological annihilator. If CM-suppR(M) is of bounded h-length, then M is fully
decomposable.
Proof. According to Theorem 4.4, M has an indecomposable MCM direct sum-
mand X . By Proposition 2.6, there is a faithful system of parameters x =
x1, · · · , xd for CM-suppR(M). It should be observed that, since M has an m-
primary cohomological annihilator, one may assume that xExt1R(M,−) = 0. Ob-
viously, the class consisting of all indecomposable MCM direct summands of M
is of bounded h-length, because CM-suppR(M) is so. Assume that Σ is the set of
all pure submodules of M which are direct sums of indecomposable MCM direct
summands of M . For any two objects N,L ∈ Σ, we write N ≤ L if and only if N
is a direct summand of L and the following diagram is commutative;
N
iN ""
❊❊
❊❊
❊
iNL // L
iL||③
③③
③③
M
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where iN and iL are inclusion maps (which are pure) and iNL is the injection map.
By Zorn’s lemma one may find a pure submodule Y = ⊕Xi of M where each Xi
is an indecomposable MCM direct summand of M and Y is maximal with respect
to this property. Take the pure exact sequence of R-modules;
η : 0 −→ Y
iY−→ M
υ
−→ K −→ 0.
It is evident that any element of CM-suppR(K) belongs to CM-suppR(M), and so
CM-suppR(K) will be of bounded h-length and also x is a faithful system of pa-
rameters for CM-suppR(K). Since η is a pure exact sequence and the two modules
Y,M are balanced big CM, by making use of the snake lemma it can be easily
seen that K is a weak balanced big CM R-module. Consequently, by virtue of [20,
Theorem B] we infer that K = lim−→Ki, whenever each Ki is a MCM R-module. We
claim that K/x2K = 0. Otherwise, by virtue of the proof of Theorem 4.4, we may
find an indecomposable direct summand N/x2N of K/x2K such that N is a pure
submodule of K. Consequently, N will be a pure submodule of M , because η is a
pure exact sequence. One should observe that since N/x2N is a finitely generated
module over artinian ring R/x2R, it will be pure injective. This, in turn, implies
that the pure monomorphism N/x2N −→ M/x2M is split, showing that N/x2N
is a direct summand of M/x2M . As xExt1R(M,N) = 0, as we have seen in the
proof of Theorem 4.4, N will be a direct summand of M . In particular, we will
have the following commutative diagram;
0 // Y
iY // M // K // 0,
N
θ
>>⑦⑦⑦⑦⑦ψ
``❆❆❆❆❆
where θ is a pure monomorphism and ψ : N −→ M is a split monomorphism.
Hence, one may deduce that Y ⊕ N
[iY ψ]
−→ M is indeed a pure monomorphism
and Y ⊕N contains Y properly, but this contradicts the maximality of Y . Hence
K/x2K = 0 and so we have the isomorphism Y/x2Y ∼= M/x2M . Consider the
isomorphism map M/x2M
ρ
−→ Y/x2Y . Since xExt1R(M,Y ) = 0, we may find
a morphism g : M −→ Y such that g ⊗R R/xR = ρ ⊗R R/xR. In order to
complete the proof, it suffices to show that g is an isomorphism. To this end, we
show that for any integer t > 0, the composition map M
g
−→ Y
h
−→ ⊕ti=1Xi is
an epimorphism, where h is the projection map. Consider the composition map
M/xM
g⊗R/xR
−→ Y/xY
h⊗R/xR
−→ ⊕ti=1Xi/xXi, which obviously is an epimorphism.
Thus letting Coker(hg) = Z, we have Z/xZ = 0 and so Z = 0, meaning that hg
is an epimorphism. Consequently, h is an epimorphism, as well. Taking the exact
sequence of R-modules; 0 −→ L −→ M
g
−→ Y −→ 0, and using the fact that both
modules M,Y have m-primary cohomological annihilators, we may deduce that
the same is true for the weak balanced big CM module L. Now since L/x2L = 0,
Lemma 4.1 forces L to be zero, implying that g is an isomorphism. So the proof
is complete. 
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4.8. Anderson and Fuller [1] posed the problem of determining over which rings
does every module has a decomposition M = ⊕i∈IMi that complements direct
summands in the sense that whenever K is a direct summand of M , M = K ⊕
(⊕j∈JMj) for some J ⊆ I. This problem has been settled for artin rings of finite
representation type by Tachikawa [41]. The result below indicates that Tachikawa
type theorem satisfies for Cohen-Macaualy rings of finite CM-type.
Theorem 4.9. The subcategory of balanced big CM modules with m-primary co-
homological annihilators and bounded CM-support, satisfies complements direct
summands.
Proof. Take a balanced big CM R-module M with an m-primary cohomological
annihilator and of bounded CM-support. In view of Corollary 4.3, any direct
summand of M is again balanced big CM which has an m-primary cohomological
annihilator with bounded CM-support, so by Theorem 4.7, it will be fully decom-
posable. Hence Krull-Schmidt-Azumaya theorem [17, Section 3] gives the desired
result. 
Corollary 4.10. Let R be of finite CM-type. Then any balanced big CM R-module
M with an m-primary cohomological annihilator, is of finite CM-type. In partic-
ular, the subcategory of balanced big CM modules with m-primary cohomological
annihilators, satisfies complements direct summands.
Corollary 4.11. Let R be an isolated singularity containing its residue field k and
letM be a balanced big CM R-module with an m-primary cohomological annihilator
such that CM-suppR(M) is of bounded multiplicity. If k is perfect, then M is fully
decomposable.
Proof. According to [28, Theorem 15.18] (see also [42, Corolary 2.8]), there is
a faithful system of parameters x for the class of all indecomposable MCM R-
modules. In particular, x is a faithful system of parameters for CM-suppR(M).
So by making use of Lemma 2.8, CM-suppR(M) is of bounded h-length. Now
Theorem 4.7 gives the desired result. 
5. MCM modules of large finite h-length
This section reveals that any balanced big CM module with an m-primary co-
homological annihilator is of finite CM-type, whenever R is Gorenstein or it is
an isolated singularity and the class of all indecomposable MCM R-modules is of
bounded h-length. Our results provide the first Brauer-Thrall type theorem for
rings, concerning the invariant h-length.
Proposition 5.1. Let F = {Mi}i∈I be a set of pairwise non-isomorphic inde-
composable MCM R-modules and let (fi : Mi −→ k)i∈I be a family of non-zero
R-homomorphisms such that any composition map Mj −→ Mi
fi
−→ k with j 6= i,
is zero. If the kernel of the epimorphism (⊕i∈IMi) ⊕ R
n [g β]−→ G, where each
gi :Mi −→ G is induced by fi, is fully decomposable, then F is a finite set.
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Proof. Assume on the contrary that F is an infinite set. Consider the short exact
sequence of R-modules, 0 −→ K −→ (⊕i∈IMi) ⊕ R
n [g β]−→ G −→ 0. By the hy-
pothesis, K = ⊕i∈JKi, whenever each Ki is an indecomposable finitely generated
module. Since K is weak balanced big CM, for any i, Ki is a MCM R-module.
Therefore, for each i, there is an R-monomorphism Ki −→ ω
ni and so we may
obtain the following commutative diagram;
(5.1)
0 −−−−→ ⊕i∈JKi −−−−→ (⊕i∈IMi)⊕R
n [g β]−−−−→ G −−−−→ 0
id
y uy fy
0 −−−−→ ⊕i∈JKi −−−−→ ⊕i∈Jω
ni −−−−→ ⊕i∈JΩ
−1Ki −−−−→ 0,
in which the morphism u is induced by the identity map. AsG is finitely generated,
the image of f is non-zero only in a finite number of Ω−1K ,is. This, in turn, allows
us to decompose the morphism f into the direct sum of f ′ : G −→ ⊕i∈J ′Ω
−1Ki and
0 −→ ⊕i∈J ′′Ω
−1Ki, where J
′ is a finite subset of J and J ′′ = J−J ′. Consequently,
we may rewrite the bottom row of (5.1) as follows;
0 −→ (⊕i∈J ′Ki)⊕(⊕i∈J ′′Ki) −→ ⊕i∈Jω
ni −→ (⊕i∈J ′Ω
−1Ki)⊕(⊕i∈J ′′Ω
−1Ki) −→ 0.
Consider the following pull-back diagram;
0 −−−−→ ⊕i∈J′Ki −−−−→ M
′ h−−−−→ G −−−−→ 0
id
y y f ′y
0 −−−−→ ⊕i∈J′Ki −−−−→ ⊕i∈J′ω
ni −−−−→ ⊕i∈J′Ω
−1Ki −−−−→ 0.
By using the property of pull-back diagram, we may find an R-homomorphism ψ :
⊕i∈IMi⊕R
n −→M ′ such that hψ = [g β]. On the other hand, the commutativity
of 5.1 yields that there exists an R-homomorphism θ : (⊕i∈IMi)⊕R
n −→ ⊕i∈J ′′Ki.
Therefore, we have the following commutative diagram;
0 −−−−→ ⊕i∈JKi −−−−→ (⊕i∈IMi)⊕ R
n [g β]−−−−→ G −−−−→ 0
id
y [ ψθ
]y idy
0 −−−−→ (⊕i∈J′Ki)⊕ (⊕i∈J′′Ki) −−−−→ M
′ ⊕ (⊕i∈J′′Ki)
[h 0]
−−−−→ G −−−−→ 0,
such that
[
ψ
θ
]
is isomorphism with inverse η. In particular, one obtains the next
commutative square;
(⊕i∈IMi)⊕R
n [f αβ]−−−−→ k[
ψ
θ
]y idy
M ′ ⊕ (⊕i∈J′′Ki)
[αh 0]
−−−−→ k.
As M ′ is finitely generated, under η, it has non-zero image in only finitely many
M ,is; say {Mi1 , · · · ,Mit}. Take a non-projective indecomposable module Ms in
F such that s /∈ {i1, · · · , it}. As fs : Ms −→ k is non-zero, there is an element
x ∈ Ms such that fs(x) 6= 0 and so the image of x under the composition map
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Ms
inc
−→ ⊕i∈IMi⊕R
n [f αβ]−→ k will be non-zero. Thus the commutativity of the above
square enables us to conclude that the image of x, say x′, under the morphism
Ms
inc
−→ (⊕i∈IMi)⊕ R
n
[
ψ
θ
]
−→ M ′ ⊕ (⊕i∈J ′′Ki)
pi
−→M ′
is non-zero. Consequently, (x′, 0) is a non-zero element of M ′ ⊕ (⊕i∈J ′′Ki) and
in particular, αh(x′) is non-zero in k, as well. Consider the composition map;
Ms −→ M
′
η|M′
−→ ⊕tj=1Mij −→ k. One should observe that if there exists 1 ≤ j ≤ t
in which Mij is projective, i.e. Mij = R, then the epimorphism fs : Ms −→ k
factors though R, implying that Ms = R which contradicts with the fact that Ms
is not projective. Therefore, the construction of morphisms f ,is, indicates that the
latter composition map is zero. Consequently, the image of x under the morphism
Ms −→M
′
η|M′
−→ ⊕tj=1Mij
inc
−→ (⊕i∈IMi)⊕R
n −→ k,
will be zero, which is a contradiction. The proof then is completed. 
Now, we are in a position to state the main theorem of this section, which
provides the local version of the first Brauer-Thrall conjecture, i.e. for modules
instead of the base ring.
Theorem 5.2. Let R be an isolated singularity and let M be a balanced big CM
R-module having an m-primary cohomological annihilator. If M is not of finite
CM-type, then there are indecomposable MCM R-modules of arbitrary large (finite)
h-length.
Proof. Suppose on the contrary that the class of all indecomposable MCM R-
modules, is of bounded h-length. Since the same will be true for CM-suppR(M), in
view of Theorem 4.7, M is fully decomposable. So, we may write M = ⊕i∈IM
(ti)
i ,
where each Mi is an indecomposable MCM R-module. As M is not of finite CM-
type, F = {Mi}i∈I is an infinite set of pairwise non-isomorphic indecomposable
MCM R-modules. In addition, F is of bounded h-length, because CM-suppR(M) is
so. According to Theorem 3.3, there is an infinite subset I ′ of I in which for any i ∈
I ′, there exists a non-zero R-homomorphism fi :Mi −→ k such that for each j 6=
i ∈ I ′, any composition map Mj −→ Mi
fi
−→ k is zero. As α : G −→ k is a right
minimal MCM-approximation, for any i ∈ I ′, one may find an R-homomorphism
gi : Mi −→ G such that αgi = fi. Set g = (gi)i∈I′ : ⊕i∈I′Mi −→ G. Consider the
exact sequence of R-modules; 0 −→ K
θ
−→ (⊕i∈I′Mi)⊕R
n [g β]−→ G −→ 0. We claim
that K is a balanced big CM module. To this end, suppose that y is an arbitrary
system of parameters of R. Evidently, y is a weakK-regular sequence, because it is
regular sequence for both modules (⊕i∈I′Mi)⊕ R
n and G. In addition, K 6= yK.
In fact, if this is not the case, we will obtain an isomorphism of R-modules;
(⊕i∈I′Mi) ⊕ R
n/y((⊕i∈I′Mi)⊕ R
n) ∼= G/yG, and this would be contradiction,
because G/yG is finitely generated whereas (⊕i∈I′Mi)⊕R
n/y((⊕i∈I′Mi)⊕R
n) is
not so, and thus the claim follows. Next M having an m-primary cohomological
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annihilator, yields that mtExt1R((⊕i∈I′Mi) ⊕ R
n,−) = 0. On the other hand, as
G is locally free on the punctured spectrum, there is an integer t′ > 0 such that
mt
′
Ext2R(G,−) = 0. Therefore m
t+t′Ext1R(K,−) = 0, meaning the balanced big CM
R-module K has an m-primary cohomological annihilator. Hence, another use of
Theorem 4.7 yields that K is fully decomposable. Namely, K = ⊕i∈JKi, where
each Ki is an indecomposable finitely generated R-module. Now, Proposition 5.1
forces I ′ to be finite, which contradicts with the fact that I ′ is infinite. The proof
then is completed. 
Here we include several corollaries of Theorem 5.2. First of all, this theorem
enables us to prove the first Brauer-Thrall type theorem for complete Cohen-
Macaulay local rings with considering the invariant h-length. It is worth noting
that, this conjecture fails in general by the aid of counterexamples of Dieterich
[13] and Leuschke and Wiegand [27], dealing with multiplicity.
Corollary 5.3. Let the category of all indecomposable MCM R-modules be of
bounded h-length. Then R is of finite CM-type.
Proof. First one should note that, the hypothesis imposed on the category of all
indecomposable MCM R-modules yields that R is an isolated singularity. Sup-
pose for the contradiction that there is an infinite set {Mi}i∈I of pairwise non-
isomorphic indecomposable MCM R-modules. So M = ⊕i∈IMi is not of finite
CM-type. On the other hand, in view of Proposition 2.6, there is a system of
parameters x of R such that xExt1R(Mi,−) = 0 for any i ∈ I. Consequently,
xExt1R(⊕i∈IMi,−)
∼=
∏
i∈I xExt
1
R(Mi,−) = 0, meaning that the balanced big CM
module M has an m-primary cohomological annihilator. Therefore, by virtue of
Theorem 5.2, there exist indecomposable MCM R-modules of arbitrary large (fi-
nite) h-length, which is a contradiction. The proof hence is complete. 
The above corollary leads us to deduce a result of Dieterich [13], Leuschke and
Wiegand [27] and Yoshino [42]. Indeed we have the next result.
Corollary 5.4. Let (R,m, k) be a complete equicharacteristic Cohen-Macaulay
local ring with algebraically closed residue field k. Then R is of finite CM-type if
and only if R is of bounded CM-type and it is an isolated singularity.
Proof. We prove only the ‘if’ part. To do this, according to Corollary 5.3, it suffices
to show that the category of all indecomposable MCM R-modules is of bounded
h-length. By [28, Theorem 15.18], R admits a faithful system of parameters x.
Moreover, by the hypothesis, there is an integer b > 0 such that e(M) < b for any
indecomposable MCM R-module M . Now Lemma 2.8 finishes the proof. 
The result below, can be proved similar to the above corollary.
Corollary 5.5. Let R be a d-dimensional complete Cohen-Macaulay local ring
with perfect coefficient field. Let M be a balanced big CM R-module having an
m-primary cohomological annihilator which is not of finite CM-type. Then there
are indecomposable MCM R-modules of arbitrarily large multiplicity.
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In the remainder of this section, we want to show that over Gorenstein local
rings, in Theorems 4.7 and 4.9, the hypothesis M having an m-primary cohomo-
logical annihilator, is redundant; see Theorem 5.12 and Corollary 5.13.
Lemma 5.6. Let N be a MCM R-module and x a system of parameters of R such
that xExt1R(N
∗,−) = 0. Then xExt1R(M,N) = 0 for any module M ∈ Xω, where
N∗ = HomR(N, ω).
Proof. Since ExtiR(N
∗, ω) = 0, applying the functor HomR(−, ω) to a free resolution
P• : · · · −→ P1 −→ P0 −→ N
∗ −→ 0 of N∗ gives rise to the exact sequence of
R-modules; 0 −→ N −→ HomR(P0, ω) −→ HomR(P1, ω) −→ · · · . Thus, for a
given object M ∈ Xω, we have the following isomorphisms;
Ext1R(M,N)
∼= H1(HomR(M,HomR(P•, ω)))
∼= H1(HomR(P•,M
∗))
∼= Ext1R(N
∗,M∗),
giving the desired result. 
Lemma 5.7. Let R be of finite CM-type and {Ni}i∈I a family of MCM R-modules.
Then there is an integer t > 0 such that mtExt1R(M,⊕i∈INi) = 0, for any module
M ∈ Xω.
Proof. Assume that {X1, X2, · · · , Xt} is the set of all pairwise non-isomorphic
indecomposable MCM R-modules. Take cardinal numbers s1, s2, · · · , st such that
⊕i∈INi = ⊕
t
i=1X
(si)
i and assume that s is a non-negative integer with m
sh(X∗i ) = 0,
for any 1 ≤ i ≤ t. Suppose that for each i, PX∗i is a projective resolution of X
∗
i .
So considering an arbitrary R-module M in Xω, analogues to the proof of Lemma
5.6, we have the following isomorphisms;
Ext1R(M,⊕i∈INi)
∼= H1(HomR(M,⊕
t
i=1HomR(PX∗i , ω)
(si)))
∼= ⊕ti=1H
1(HomR(M,HomR(PX∗i , ω
(si))))
∼= ⊕ti=1H
1(HomR(PX∗i ,HomR(M,ω
(si))))
∼= ⊕ti=1Ext
1
R(X
∗
i ,HomR(M,ω
(si))),
giving the desired result. 
Lemma 5.8. Let 0 −→M −→ F −→ L −→ 0 be an exact sequence of R-modules
such that F is free. If L admits a non-projective indecomposable MCM direct
summand, then M has an indecomposable MCM direct summand.
Proof. Assume that L′ is a non-projective indecomposable MCM direct summand
of L. Consider the following commutative diagram with exact rows;
(5.2)
0 −−−−→ K −−−−→ Rn −−−−→ L′ −−−−→ 0y y iy
0 −−−−→ M −−−−→ F −−−−→ L −−−−→ 0y y piy
0 −−−−→ K −−−−→ Rn
f
−−−−→ L′ −−−−→ 0,
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where Rn −→ L′ is a projective cover. Since L′ is non-projective, the finitely
generated R-module K is non-zero. Now using the fact that the right column is
identity and the middle one is an isomorphism, we infer that the left column will
be an isomorphism. This means that the MCM R-module K is a direct summand
of M , as required. 
In the setting of artinian rings, the result below is [31, Corollary 6].
Proposition 5.9. Let R be a Gorenstein ring of finite CM-type. Then any non-
zero Gorenstein projective R-module has an indecomposableMCM direct summand.
Proof. Assume that M is a non-zero Gorenstein projective R-module and x is a
faithful system of parameters for the class of MCM R-modules, which exists by
Proposition 2.6. We prove the result in two steps.
Step 1: We show that if M/x2M 6= 0, then M admits an indecomposable MCM
direct summand. According to [20, Theorem B], M = lim−→Mi, where each Mi is a
MCM R-module. Since lim−→Mi/x
2Mi is non-zero, by following the argument given
in the proof of Theorem 4.4, one may find an indecomposable finitely generated
Gorenstein projective R-module X such that ϕ¯ : X/x2X −→ M/x2M is a split
monomorphism. Suppose that θ : M/x2M −→ X/x2X is a morphism such that
θϕ¯ = idX/x2X . By applying Lemma 5.6, we get that xExt
1
R(M,X) = 0. Now, by
continuing the proof of Theorem 4.4, we deduce that X is a direct summand of
M .
Step 2: We prove thatM/x2M 6= 0. Suppose for the contradiction thatM/x2M =
0. Take a short exact sequence of R-modules; 0 −→ M −→ F −→ L −→ 0, in
which F is free and L is Gorenstein projective. As F/x2F 6= 0, we conclude
that the same will be true for L/x2L. By applying the same argument given
above, one may infer that L admits an indecomposable MCM direct summand.
By virtue of Lemma 5.8, any indecomposable MCM direct summand of L must
be projective. Analogues to the proof of Theorem 4.7, suppose that Σ is the set
of all pure submodules of L which are direct sums of indecomposable projective
direct summands of L. As we have seen, Σ is non-empty. For any two objects
N,N ′ ∈ Σ, we write N ≤ N ′ if and only if N is a direct summand of N ′ and the
following diagram is commutative;
N
iN !!
❈❈
❈❈
❈❈
iNN′ // N ′
i′N||③
③③
③③
③
L
where iN and i
′
N are inclusion maps (which are pure) and iNN ′ is the injection
map. By Zorn’s lemma one may find a pure submodule Y = ⊕Xi of L where
each Xi is an indecomposable projective direct summand of L and Y is maximal
with respect to this property. Consider a pure exact sequence of R-modules;
η : 0 −→ Y −→ L −→ K −→ 0. Applying the same method given in the proof of
Theorem 4.7, yields that K/x2K = 0 and so L/x2L ∼= Y/x2Y . In view of Lemma
5.7, xExt1R(L,⊕Xi) = 0, which guarantees the existence of an R-homomorphism
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g : L −→ Y . Evidently, g is an epimorphism, and so one may take a short exact
sequence of R-modules; 0 −→ T −→ L −→ Y −→ 0. As L/x2L ∼= Y/x2Y , we
deduce that T/x2T = 0. Consider the following pull-back diagram;
0

0

0 // M // F ′ //

T ////

0
0 // M // F //

L

// 0
Y

Y

0 0
Since the column from the left is split, F ′ will be a projective R-module. On the
other hand, as M/x2M = 0 = T/x2T , one may infer that F ′/x2F ′ = 0, implying
that F ′ = 0 and so the same is true for M , which is a contradiction. The proof
now is finished. 
As a direct consequence of Proposition 5.9, we include the following result.
Corollary 5.10. Let R be a Gorenstein ring of finite CM-type. Then any Goren-
stein projective R-module is balanced big CM.
Corollary 5.11. Let R be a Gorenstein ring and M a Gorenstein projective R-
module such that CM-suppR(M) is of bounded h-length. If M is balanced big CM,
then M has an indecomposable MCM direct summand.
Proof. Assume that x is a faithful system of parameters for CM-suppR(M). As M
is balanced big CM, M/x2M is non-zero, and so considering M = lim−→Mi, where
each Mi is a MCM R-module, we have lim−→Mi/x
2Mi is non-zero. Now repeating
the proof of Proposition 5.9, will give the desired result. 
Theorem 5.12. Let R be a complete Gorenstein local ring. If R is of finite CM-
type, then every Gorenstein projective R-module is fully decomposable. In par-
ticular, the category of all Gorenstein projective R-modules satisfies complements
direct summands.
Proof. Take an arbitrary Gorenstein projective R-module M . By Proposition 2.6
in conjunction with Lemma 5.7, there is a faithful system of parameters x for
all MCM R-modules such that xExt1R(M,⊕N) = 0 where N runs over all MCM
R-modules. According to Proposition 5.9, M admits an indecomposable MCM
direct summand. Assume that Σ is the set of all pure submodules of M which
are direct sums of indecomposable MCM direct summand ofM . By making use of
Zorn’s lemma, one may find a pure submodule Y = ⊕Xi of M , where each Xi is
an indecomposable MCM direct summand ofM and Y is maximal with respect to
this property. The same argument given in the proof of Theorem 4.7 gives rise to
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an isomorphism f : M/x2M −→ Y/x2Y . Since xExt1R(M,⊕i∈IXi) = 0, one may
find an R-homomorphism g :M −→ Y such that f⊗RR/xR = g⊗RR/xR. Now,
the remainder of the proof goes along the same lines as in the proof of Theorem
4.7. So we are done. 
Corollary 5.13. Let R be of finite CM-type. Then a given module M is a direct
sum of MCM modules if and only if M ∈ Xω and any direct summand of M is
balanced big CM.
Proof. By making use of Lemma 5.7 in the proof of Theorem 4.7, one can deduce
the ‘if’ part of the result. For the ‘only if’ part, assume that M ′ is an arbitrary
non-zero direct summand of M . We would have nothing to prove, whenever M ′
is projective. So assume that M ′ is not projective. As M ∈ Xω, one may easily
infer thatM ′ is weak balanced big CM. Take an arbitrary system of parameters x
of R. Since R is of finite CM-type, it will admit a faithful system of parameters,
and so we may assume further that x is also a faithful system of parameters for
MCM modules. On the other hand, the assumption M being fully decomposable
leads us to deduce that xExt1R(M
′,−) = 0, because the same is true for M . Now
by making use of Lemma 4.1, we obtain that M ′ is a balanced big CM module, as
needed. 
6. Representation properties of balanced big CM modules
The aim of this section is to show that the representation-theoretic properties
of balanced big CM modules have important consequences for the structural shape
of the ring. It will turn out that any balanced big CM R-module which belongs
to Xω, being fully decomposable forces R to be an isolated singularity. Moreover,
it is proved that R is of finite CM-type if and only if it is an isolated singularity
and the category of all fully decomposable modules is closed under kernels of
epimorphisms. First we state a lemma.
Lemma 6.1. Let A be a noetherian ring and let {Mi, α
i
j}i,j∈I be a direct system of
indecomposable finitely generated A-modules. If lim−→Mi is a direct sum of finitely
generated modules, then lim−→Mi = 0 or there exists an index t ∈ I such that for
any i ≥ t, αti is an isomorphism.
Proof. If lim−→Mi = 0, then there is nothing to prove. So assume that lim−→Mi is
non-zero. By [16, Corollary 1.2.7], η : 0 −→ L −→ ⊕i∈IMi
ϕ=(ϕi)i∈I
−→ lim−→Mi −→ 0 is
a pure exact sequence of A-modules. Hence assuming lim−→Mi = ⊕j∈JCj, whenever
each Cj is finitely generated and so the functor HomA(Cj,−) leaves the previous se-
quence exact, for any j, implying that HomA(⊕j∈JCj,−) leaves this sequence exact
as well. This indeed means that η is split. Take an A-homomorphism ψ = (ψi)i∈I :
lim−→Mi −→ ⊕i∈IMi with ϕψ = Σi∈Iϕiψi = idlim−→Mi
. Assume that Xj is an inde-
composable direct summand of Cj, for some j ∈ J . Since Xj is finitely generated,
under ψ it has non-zero image in only finitely many of M ,is, say M1, · · · ,Mt. So,
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we may define an A-homomorphism ψ′t : Xj
i
−→ lim−→Mi
ψ
−→ ⊕i∈IMi
βt
−→Mt when-
ever i is injection and βt(y1, · · · , yt) = Σ
t
i=1α
i
t(yi), for any (y1, · · · , yt) ∈ ⊕
t
i=1Mi.
Considering an A-homomorphism ϕ′t : Mt
i
−→ ⊕i∈IMi
ϕ
−→ lim−→Mi
ρ1
−→ Xj , we
have that ϕ′tψ
′
t = idXj , where ρ1 is the projection map. Therefore, ψ
′
t is a split
monomorphism and so it will be an isomorphism, because both of these mod-
ules are indecomposable. Since for any s ≥ t we have the following commutative
diagram of A-modules;
Mt
αts   ❆
❆❆
❆❆
❆❆
❆
ϕt
// lim−→Mi
Ms
ϕs
<<①①①①①①①①
One may have the following equalities;
idXj = ϕ
′
tψ
′
t = ρ1ϕtψ
′
t = (ρ1ϕs)(α
t
sψ
′
t).
Thus we have that αtsψ
′
t : Xj −→Mt −→Ms is a split monomorphism, for any s ≥
t. Now Xj andMs being indecomposable, forces α
t
sψ
′
t to be an isomorphism. This,
in turn, implies that αts is indeed an isomorphism. The proof then is complete. 
Lemma 6.2. Let {Mi, ϕ
i
j}i,j∈I be a direct system of MCM R-modules such that
for any i ≤ j, ϕij : Mi −→ Mj is a monomorphism with Cokerϕ
i
j is MCM. Then
lim−→Mi belongs to Xω.
Proof. As R is Cohen-Macaulay, each Mi belongs to Xω. Moreover, using the fact
that Cokerϕij is MCM, one may construct the following commutative diagram of
R-modules with exact rows and columns;
0

0

0

0 // Mi //

ωni0

// ωni1

// · · ·
0 // Mj //

ωnj0

// ωnj1

// · · ·
0 // Cokerϕij
//

ωmi0 //

ωmi1 //

· · · ,
0 0 0
in which all columns, except the left hand side, are split sequences of modules in
addω. Hence applying the direct limit functor, gives rise to the exact sequence;
0 −→ lim−→Mi −→ ω
n0 −→ ωn1 −→ · · · , where ωni ∈ Addω, meaning that lim−→Mi ∈
Xω. So we are done. 
For given two R-modulesM,N , HomR(M,N) stands for HomR(M,N)/I(M,N),
where I(M,N) is the R-submodule of HomR(M,N) consisting of all homomor-
phisms factoring through a module in addω.
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As we have mentioned in the introduction, it has been proved by Chase [10]
that every pure-semisimple ring is artinian. From this point of view, the following
result can be seen as a generalization of Chase’s result for the category of MCM
modules. Indeed, the result below asserts that if every balanced big CM module
which belongs to Xω, is fully decomposable, then HomR(−,−) is artinian over
MCM modules.
Theorem 6.3. Let any balanced big CM R-module belonging to Xω be fully de-
composable. Then R is an isolated singularity.
Proof. If any MCM R-module belongs to addω, then R will be of finite CM-type
and so R is known to be an isolated singularity; see [4, 22]. Hence, in this case
the desired result is obtained. So assume that there are some MCM R-modules
which are not in addω. First we show that for any MCM module M , Hom(M,M)
is an artinian R-module. To this end, clearly we only need to treat with those
(indecomposable) modules which are not in addω. Suppose that M0 is an arbi-
trary indecomposable MCM R-module which does not belong to addω. Taking an
arbitrary R-regular element x, we may have the following pull-back diagram;
0

0

ωn1

ωn1

0 // M0
x // M1 //

G′

// 0
0 // M0
x // M0 //

M0/xM0 ////

0 0
whereG′ −→ M0/xM0 is a right minimalMCM-approximation. As Ext
1
R(M0, ω
n1) =
0, the left column will be split, implying that M1 ∼= M0 ⊕ ω
n1. Clearly M1 is also
a MCM R-module which does not belonging to addω. Thus replacingM0 byM1 in
the above argument, gives rise to the existence of R-homomorphism M1
x
−→ M2
such that M2 ∼= M1 ⊕ ω
n2. By repeating this procedure, we obtain a chain of
R-homomorphisms of MCM modules;
(6.1) M0
x
−→M1
x
−→M2
x
−→ · · · ,
such that for any i ≥ 1, there is an isomorphism Mi ∼= M0 ⊕ ω
ni, for some non-
negative integer ni. Applying the functor HomR(M0,−) to 6.1, yields the following
chain of R-modules;
(6.2) HomR(M0,M0)
x
−→ HomR(M0,M0)
x
−→ HomR(M0,M0) −→ · · · ,
because HomR(M0,Mi) ∼= HomR(M0,M0), for any i ≥ 1. According to our con-
struction, Mi
x
−→Mj , where j > i, is an R-monomorphism such that its cokernel
is MCM and so it can be easily seen that lim−→Mi is a balanced big CM R-module. In
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view of Lemma 6.2, lim−→Mi ∈ Xω and so by the hypothesis, lim−→Mi = ⊕j∈JCj , where
each Cj is finitely generated. Therefore, we have the following isomorphisms;
lim−→HomR(M0,Mi)
∼= HomR(M0, lim−→Mi)
∼= HomR(M0,⊕j∈JCj)
∼= ⊕j∈JHomR(M0, Cj).
SinceM0 is an indecomposable R-module, HomR(M0,M0) is indecomposable as an
EndR(M0)-module. Now one may apply Lemma 6.1 and conclude that after some
steps, all of morphisms in (6.2) are isomorphism or lim−→HomR(M0,M0) = 0. The
former one can not be take place, because of Nakayama’s lemma and the fact that
M0 does not lie inside addω. Hence the latter one will take place, meaning that
there exists an integer t > 0 such that xtHomR(M0,M0) = 0. Next suppose that
x = x1, · · · , xd is a system of parameters of R. As any permutation of x is again R-
regular sequence, one may find an integer n > 0 such that xni HomR(M0,M0) = 0,
for any 1 ≤ i ≤ d, that is to say, xnHomR(M0,M0) = 0. This would imply
that mnHomR(M0,M0) = 0 and so HomR(M0,M0) is an artinian R-module, as
claimed. In order to finish the proof, it remains to show that every such a module
M0 is locally projective on the punctured spectrum of R. As we have already
showed, HomR(M0,M0)p = 0, for all nonmaximal prime ideals p of R. Now, if
R is Gorenstein, i.e. R = ω, then the equality HomR(M0,M0) = HomR(M0,M0)
gives the desired result. In the case R is not necessarily Gorenstein, it will not
belong to addω. Thus, by repeating the above argument for R instead of M0, we
deduce that ωp = Rp, for all nonmaximal prime ideals p of R, meaning that R is
locally Gorenstein and consequently, M0p is a free Rp-module. The proof is now
completed.

The result below, is an immediate consequence of Theorem 6.3.
Corollary 6.4. Let (R,m) be a complete Gorenstein local ring. If every Goren-
stein projective R-module is fully decomposable, then R is an isolated singularity.
Let M,N be two MCM R-modules. Recall that rad(M,N) is a submodule of
HomR(M,N) consisting of those homomorphisms ϕ : M −→ N such that, when
we decompose M = ⊕jMj and N = ⊕iNi into indecomposable modules, and ac-
cordingly decompose ϕ = (ϕij :Mj −→ Ni), no ϕij is an isomorphism. Moreover,
rad2(M,N) is a submodule of HomR(M,N) consisting of those homomorphisms
ϕ :M −→ N for which there is a factorization
M
α
  ❇
❇❇
❇❇
❇❇
❇
ϕ
// N
X
β
>>⑥⑥⑥⑥⑥⑥⑥⑥
with X is an MCM R-module, α ∈ rad(M,X) and β ∈ rad(X,N). For n > 2,
radn(M,N) is defined inductively; see [28, Definition 13.11].
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The proof of the next result is the same as in the setting of artin algebras [8,
Proposition 3.13], and we include it only for the sake completeness.
Proposition 6.5. Let R be an isolated singularity and C a subcategory of MCM
R-modules. Let the subcategory A = MCM − C be of finite type. Then for any
X ∈ addA, there is an R-homomorphism X
[
f1
f2
]
−→ M ⊕ N , where M ∈ addC
and N ∈ addA such that for any L ∈ addC, HomR(f, L) is surjective and f2 ⊗R
R/x2R = 0, where x is a faithful system of parameters for A.
Proof. We show by induction that for any n ≥ 0 and for any X ∈ addA, there is a
morphism f : X
[
f1
f2
]
−→ M ⊕N , where M ∈ addC and N ∈ addA such that for any
L ∈ addC, HomR(f, L) is surjective and f2 ∈ rad
n(X,N). In case, n = 0, we set
f = idX . Now assume that n > 0 and the result has been proved for values smaller
than n. By the induction hypothesis, there exists a morphism f ′ : X
[
f ′1
f ′2
]
−→ M ′⊕N ′,
in which f ′2 ∈ rad
n−1(X,N ′), N ′ ∈ addA,M ′ ∈ addC and for any K ∈ addC, the
morphism HomR(f
′, K) is surjective. Since the category of MCM modules has left
almost split morphisms, there is an R-homomorphism g : N ′
[
g1
g2
]
−→ Z = Z1 ⊕ Z2,
with Z1 ∈ addA and Z2 ∈ addC, such that ImHom(g, L) = HomR(N
′, L) for any
L ∈ addC. Hence we have a composition morphism
h : X
[
f ′1
f ′2
]
−→ M ′ ⊕N ′
idM′⊕g−→ M ′ ⊕ Z
whenever g1f
′
2 ∈ rad
n(X,Z1) and Hom(h,K) is surjective for any K ∈ addC.
On the other hand, assume that F = {X1, · · · , Xt} is the set of all pairwise
non-isomorphic indecomposable objects of A. Since R is an isolated singularity,
one may find a faithful system of parameters x for A. Therefore F/x2F =
{X1/x
2X1 · · · , Xt/x
2Xt} is a set of indecomposable modules of finite length. By
virtue of Corollary to [17, Lemma 12], there is a non-negative integer n such that
radn(Xi/x
2Xi,Xj/x
2Xj) = 0 for all Xi, Xj ∈ F . Consequently, f¯ = f ⊗RR/x
2R ∈
radn(Xi/x
2Xi,Xj/x
2Xj) and so f¯ = 0, which gives the desired result. 
Theorem 6.6. Let R be an isolated singularity which is not of finite CM-type.
Then there is an infinite set of pairwise non-isomorphic indecomposable MCM
modules {Mi}i∈N and non-zero R-homomorphisms fi : Mi −→ k such that any
composition map Mj −→Mi
fi
−→ k is zero, for all j > i.
Proof. In order to obtain the desired result, we will first construct a pairwise dis-
joint infinite family of finite type subcategories of MCM modules A1,A2,A3, · · · ,
inductively as follows;
(i) We set A1 = addR.
(ii) Suppose j > 1 is an integer and assume that we have already constructed
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A1, · · · ,Aj−1. Letting Cj = MCM −
⋃j−1
i=1 Ai, by Proposition 6.5, there is an R-
homomorphism f : R
[
f1
f2
]
−→ Kj ⊕N , where Kj ∈ addCj and N ∈ add
⋃j−1
i=1 Ai such
that for any L ∈ addCj , HomR(f, L) is surjective and f2 ⊗R R/x
2R = 0, where x
is a faithful system of parameters for
⋃j−1
i=1 Ai. We put Aj = addKj .
(iii) For any j, Aj is a generator for Cj , i.e. for any N ∈ Cj there exists an R-
epimorphism Y −→ N , whenever Y ∈ Aj.
Take an arbitrary object L ∈ Cj and consider an epimorphism α : R
n −→ L.
Suppose that x is a faithful system of parameters for
⋃j
i=1Ai and L, this exists
because R is an isolated singularity.
Assume that R
[
f1
f2
]
−→ Kj ⊕ N , is an R-homomorphism appearing in the state-
ment (ii). So one may find an R-homomorphism (ψ1, ψ2) : K
n
j ⊕N
n −→ L such
that the diagram
Rn
α
❅
❅❅
❅❅
❅❅
❅
[
fn1
fn2
]
// Knj ⊕N
n
(ψ1,ψ2)
zz✈✈
✈✈
✈✈
✈✈
✈
L
is commutative. Now, applying the functor −⊗R R/x
2R and using the fact that
f2 ⊗R R/x
2R = 0, we infer that ψ¯1 : K
n
j /x
2Knj −→ L/x
2L is an epimorphism
and so by Nakayama’s lemma ψ1 will be an epimorphism, as well. So we have
constructed A1,A2, · · · , with mentioned properties. Next we claim that for any j,
there is an indecomposable object Xj of Aj such that there is not any epimorphism
⊕i>jMi −→ Xj in which,M
,
is are indecomposable objects of A
,
is. Suppose that for
some j, this is not the case. Let indAj = {X1, X2, · · · , Xt}. As ⊕
t
i=1Xi is finitely
generated, we may assume that there is an epimorphism ⊕ni=j+1Mi −→ ⊕
t
i=1Xi for
some integer n > 0, where M ,is belong to A
,
is. Since R is an isolated singularity,
we can take a faithful system of parameters y for {Mj+1, · · · ,Mn, X1, · · · , Xt}.
Considering the epimorphism ⊕ni=j+1(Mi/y
2Mi) −→ (⊕
t
i=1Xi)/y
2(⊕ti=1Xi), Main
property (a) of 3.2 yields that
min{µ∗(Xi/y
2Xi)|1 ≤ i ≤ t} ≥ min{µ
∗(Mi/y
2Mi)|j + 1 ≤ i ≤ n}.
It should be observed that if the equality takes place, then for some 1 ≤ i ≤ t, Xi
will be a direct summand of ⊕ni=j+1Mi, which contradicts with our construction
of A,is. Assuming µ
∗(Ms/y
2Ms) = min{µ
∗(Mi/y
2Mi) | j + 1 ≤ i ≤ n}, by
(iii), there is an epimorphism (⊕ti=1Xi/y
2(⊕ti=1Xi))
m −→ Ms/y
2Ms, for some
integer m > 0, meaning that µ∗(Ms/y
2Ms) > µ
∗(Xj/y
2Xj) for some 1 ≤ j ≤ t,
however, this is impossible. So the claim follows. Therefore, for any i, there
exists an indecomposable object Mi ∈ Ai such that there is not any epimorphism
ϕ : ⊕j>iMj −→ Mi, where M
,
js are indecomposable objects of A
,
js. Suppose that
F is the class consisting of all these modules Mi and set K
′
i = 〈Imϕ〉, where ϕ
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runs over all such homomorphisms. We should stress that, also there may exist
more than one module Mi ∈ Ai, with the mentioned property; however, we put
only one of them in F . Since R is not of finite CM-type, F will be an infinite set
of indecomposable pairwise non-isomorphic MCM modules. The same argument
given in the proof of step 3 of Theorem 3.3, ensures the existence of non-zero R-
homomorphisms fi : Mi −→ k such that any composition map Mj −→ Mi
fi
−→ k
with j > i, is zero. The proof then is complete.

Now we are in a position to state and prove the main result of this section,
which is presented as Theorem 1.5 in the introduction.
Theorem 6.7. The following conditions are equivalent:
(1) R is of finite CM-type.
(2) The subcategory of R-modules consisting of all balanced big CM modules
M having an m-primary cohomological annihilator coincides with FD.
(3) R is an isolated singularity and the class FD is closed under kernels of
epimorphisms.
(4) R is an isolated singularity and FD is closed under extensions and direct
summands.
Proof. (1) ⇒ (2): Theorem 4.7 gives the desired result.
(2) ⇒ (3): Take an arbitrary MCM R-module M . As M lies in FD, by the
hypothesis, M has an m-primary cohomological annihilator. So, R is an isolated
singularity. Next consider a short exact sequence of R-modules; 0 −→ M ′ −→
M −→ M ′′ −→ 0, where M,M ′′ belong to FD. By the hypothesis, M,M ′′ are
balanced big CM modules with m-primary cohomological annihilators, implying
that M ′ is a weak balanced big CM R-module, and by making use of [24, Lemma
2.13], we get thatM ′ has an m-primary cohomological annihilator. Hence invoking
Lemma 4.1, yields that either M ′ is zero or it is balanced big CM. Consequently,
M ′ is in FD.
(3) ⇒ (1): Assume on the contrary that R is not of finite CM-type. So in view
of Theorem 6.6, there is an infinite set of pairwise non-isomorphic indecomposable
MCM R-modules {Mi}i∈I and non-zero R-homomorphisms fi : Mi −→ k such
that any composition map Mj −→ Mi
fi
−→ k with j > i, is zero. Here I is
a subset of N. As G
α
−→ k is a right minimal MCM-approximation, there is a
non-zero homomorphism gi : Mi −→ G, for any i such that αgi = fi. Setting
g = (gi)i∈I : ⊕i∈IMi −→ G, we have a short exact sequence of R-modules; 0 −→
K
θ
−→ (⊕i∈IMi)⊕R
n [g β]−→ G −→ 0. Hence, the hypothesis FD being closed under
kernels of epimorphisms, yields that K is in FD. Now Proposition 5.1 forces I to
be a finite set, which is a contradiction. Therefore, R is of finite CM-type.
(1) ⇒ (4): According to Corollary 2 of [22], R is an isolated singularity. Next,
consider a short exact sequence of R-modules; 0 −→M ′ −→M −→ M ′′ −→ 0, in
whichM ′,M ′′ ∈ FD. By the hypothesis, M ′ andM ′′ are balanced big CM modules
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with m-primary cohomological annihilators. So it is fairly easy to see that M is
balanced big CM with an m-primary cohomological annihilator. Now Theorem
4.7 would imply that M ∈ FD. This means that FD is closed under extensions.
Moreover, Theorem 4.9 indicates that FD is closed under direct summand.
(4) ⇒ (3). Take a short exact sequence of R-modules; 0 −→ M ′ −→ M −→
M ′′ −→ 0, in which M,M ′′ ∈ FD. We would like to show that M ′ ∈ FD. It
is fairly easy to see that one may consider a short exact sequence of R-modules;
0 −→ L −→ P −→ M ′′ −→ 0, whenever P is free and L ∈ FD. Considering the
following commutative diagram with exact rows;
0 −−−−→ L −−−−→ P −−−−→ M ′′ −−−−→ 0
u
y y y
0 −−−−→ M ′ −−−−→ M −−−−→ M ′′ −−−−→ 0,
we obtain the exact sequence 0 −→ L −→ P⊕M ′ −→M −→ 0. Since L,M ∈ FD,
by our assumption, P ⊕ M ′ ∈ FD. Consequently, M ′ ∈ FD, because by the
hypothesis FD is closed under direct summand. So the proof is complete. 
Here we recover a notable result of Beligiannis [9, Theorem 4.20].
Theorem 6.8. Let R be a Gorenstein complete local ring. Then the following
conditions are equivalent:
(1) R is of finite CM-type.
(2) Every Gorenstein projective R-module is fully decomposable.
(3) The subcategory of Gorenstein projective R-modules with m-primary coho-
mological annihilators coincides with FD.
(4) The category of all indecomposable finitely generated Gorenstein projective
R-modules is of bounded h-length.
Proof. (1) ⇒ (2): This is Theorem 5.12.
(2)⇒ (1): In view of Corollary 6.4, R is an isolated singularity. Now by applying
the proof of the implication (3 ⇒ 1) of Theorem 6.7 and using the fact that the
category of Gorenstein projective modules is closed under kernels of epimorphisms,
we deduce that R is of finite CM-type.
(3) ⇒ (1): By the assumption, every MCM R-module has an m-primary co-
homological annihilator, implying that R is an isolated singularity. Moreover, it
follows from the hypothesis that FD is closed under kernels of epimorphisms. Now
the implication (3⇒ 1) of Theorem 6.7 yields the required result.
(1) ⇒ (3): This follows from the implication (1) ⇒ (2).
(4) ⇔ (1): The implication (4) ⇒ (1) follows from Corollary 5.3, whereas the
reverse implication holds trivially. 
7. Representation properties of CM modules over artin algebras
Motivated by (commutative) complete Cohen-Macaulay local rings, Auslander
and Reiten in [6, 7] have introduced and studied Cohen-Macaulay artin algebras.
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Recall that an artin algebra Λ is said to be Cohen-Macaulay if there exists a pair of
adjoint functors (G,F ) between modΛ and modΛ, inducing inverse equivalences;
I∞(Λ)
F //
P∞(Λ),
G
oo
where P∞(Λ) (resp. I∞(Λ)) denotes the category of all finitely generated modules
of finite projective (resp. injective) dimension.
As we have noted in the introduction, it is well-known that if Λ is a Cohen-
Macaulay artin algebra, then there is a finitely generated Λ-bimodule ω such that
the functors F and G are presented by HomΛ(ω,−) and ω ⊗Λ −, respectively; see
[6]. In this case, ω is called a dualizing module for Λ.
Remark 7.1. There is a tie connection between dualizing modules and strong
cotilting modules over artin algebras. Precisely, a Λ-bimodule ω is dualzing if
and only if ω is strong cotilting viewed both as left and right modules; see [6,
Proposition 3.1]. This connection gives an interesting interplay between cotilting
theory for artin algebras and module theory for commutative Cohen-Macaulay
rings. Recall that a selforthogonal Λ-module ω is cotilting if idΛω < ∞ and all
injective Λ-modules are in âddω, and it is said to be strong cotilting if, moreover,
the equality I∞(Λ) = âddω holds.
7.2. Throughout this section, Λ is always a Cohen-Macaulay artin algebra and
ω is a dualizing Λ-bimodule. Following [21], we say that a Λ-module M is ω-
Gorenstein projective, whenever it admits a right resolution by modules in Addω,
that is, an exact sequence of Λ-modules;
0 −→M −→ w0
d0−→ w1
d1−→ · · ·
di−1
−→ wi
di−→ · · · ,
with wi ∈ Addω. So finitely generated ω-Gorenstein projective modules are Cohen-
Macaulay in the sense of Auslander and Reiten [7] and we also call them Cohen-
Macaulay modules (CM modules). We say that a ω-Gorenstein projective Λ-
module M is fully decomposable (resp. of finite CM-type) if it is a direct sum of
arbitrarily many copies (resp. of a finite number up to isomorphisms) of indecom-
posable CM modules.
Moreover, by CM-support of a ω-Gorenstein projective module M , denoted by
CM-suppΛ(M), we mean the set of all indecomposable CM Λ-modules N such that
HomΛ(N,M) 6= 0.
Our aim in this section is to examine results in the previous sections in the con-
text of Cohen-Macaulay artin algebras. It is proved that any ω-Gorenstein projec-
tive Λ-module with bounded CM-support must be fully decomposable; see Theo-
rem 7.5. In particular, it will be observed in Theorem 7.6 that if a ω-Gorenstein
projective module M is not of finite CM-type, then there are indecomposable
CM Λ-modules of arbitrarily large (finite) length, guaranteeing the validity of the
first Brauer-Thrall conjecture for the category of Cohen-Macaulay modules over
Cohen-Macaulay artin algebras. Moreover, our results extend a result of Chen
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[12, Main Theorem] for Cohen-Macaulay artin algebra, that is, we specify Cohen-
Macaulay artin algebras of finite CM-type in terms of the decomposition properties
of ω-Gorenstein projective modules.
Let Λ ⋉ ω denote the trivial extension of Λ by ω. Then according to ring
homomorphisms; Λ −→ Λ ⋉ ω −→ Λ, any Λ-module can be viewed as a Λ ⋉ ω-
module and vise versa, and in this section we shall do so freely.
Proposition 7.3. Every ω-Gorenstein projective Λ-module is a direct limit of CM
modules.
Proof. Take an arbitrary ω-Gorenstein projective Λ-module M . Because of [26,
Proposition 2.1], it suffices to show that any Λ-homomorphism f : N −→ M ,
where N is finitely generated, factors through a CM Λ-module, say C. In view of
[21, Proposition 2.13], M is Gorenstein projective over Λ⋉ω, so one may take the
following exact sequence of Λ⋉ ω-modules;
0 −→M −→ Q0 −→ · · · −→ Qn−1 −→ L −→ 0,
in which for any i, Qi is projective and L is Gorenstein projective. Another use
of [21, Proposition 2.13] yields that as a Λ-module, L is ω-Gorenstein projective.
Since N is a finitely generated Λ-module, evidently it is finitely generated over
Λ⋉ ω. Consider the following sequence of finitely generated Λ⋉ ω-modules;
0 −→ N
d0
−→ P 0
d1
−→ · · · −→ P n−1 −→ K −→ 0,
whenever P i, for any i, is projective module such thatN −→ P 0 and Coker(di) −→
P i+1 are projective preenvelopes. According to [14, Theorem 4.32], Λ ⋉ ω is a
Gorenstein algebra with injective dimension n, where n = idΛω. Hence, we have
the following exact sequence of finitely generated Λ⋉ ω-modules;
0 −→ C −→ Pn−1 −→ · · · −→ P0 −→ K −→ 0,
such that each Pi is projective and C is Gorenstein projective. Consequently, one
obtains the following commutative diagram of Λ⋉ ω (and also Λ)-modules;
0 // N //
f

hn
❁
❁❁
❁❁
❁❁
P 0 //
f0

hn−1
!!❇
❇❇
❇❇
❇❇
· · · // K //
id
❀
❀❀
❀❀
❀❀
fn

0
0 // C //
gnzz✉✉
✉✉
✉
Pn−1 //
gn−1xxqq
qq
· · · // K //
fnzz✉
✉✉
✉✉
0
0 // M // Q0 // · · · // L // 0.
One should note that the morphisms h,is are lifted from id : K −→ K, whereas,
the existence of f ,is follows from the construction of upper row. Finally, the mor-
phisms g,is exist, because they are lifted from fn. Now chasing diagram enables
us to deduce that f factors through C ⊕ P 0 which is CM over Λ, thanks to [21,
Proposition 2.13]. Clearly f factors from this module as a Λ-homomorphism. So
the proof is finished. 
We need the following result for later use.
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Lemma 7.4. Let M be a ω-Gorenstein projective Λ-module. If CM-suppΛ(M) is
of bounded length, then M has an indecomposable CM direct summand.
Proof. According to Proposition 7.3, there is a direct system of CM Λ-modules
{Mi, ϕ
i
j}i,j∈I such that M = lim−→Mi. As M is non-zero, analogous argument given
in the proof of Theorem 4.4 yields that there is a non-zero chain of morphisms of
indecomposable Λ-modules; Xj
fj
−→ Xj+1
fj+1
−→ Xj+2 −→ · · · , which has non-zero
image in M such that for any i, Xi is a direct summand of Mi. Hence Harada-Sai
Lemma [17, Lemma 11], guarantees the existence of an integer t > 0 such that
Xt −→ Mi is a split monomorphism, for all i ≥ t. In particular, Xt −→ Mi is
a pure monomorphism. This in turn would imply that ϕt : Xt −→ M is a pure
monomorphism, as well. As Xt is finitely generated module over artinian ring
Λ, we get that it is pure injective, implying that ϕt is a split monomorphism.
Consequently, Xt is a direct summand of M and so the proof is complete. 
The next result indicates that, for a given ω-Gorenstein projective module M ,
the boundedness of its CM-support forces M to be fully decomposable.
Theorem 7.5. Let M be a ω-Gorenstein projective Λ-module. If CM-suppΛ(M)
is of bounded length, then M is fully decomposable.
Proof. According to Lemma 7.4, M has an indecomposable CM direct summand
X . Assume that Σ is the set of all pure submodules of M which are direct sums
of indecomposable CM direct summands of M . By Zorn’s lemma one may find a
pure submodule Y = ⊕Xi of M, where each Xi is an indecomposable CM direct
summand of M which is maximal with respect to this property. Take the pure
exact sequence of Λ-modules;
η : 0 −→ Y
iY−→ M −→ K −→ 0.
It is evident that any element of CM-suppΛ(K) belongs to CM-suppΛ(M), and
so CM-suppΛ(K) will be of bounded length. Moreover, another use of the fact
that η is pure exact in conjunction with [26, Proposition 2.1], enables us to infer
that K = lim−→Ki, whenever each Ki is a CM Λ-module. Now, applying the same
argument given in the proof of Theorem 4.7, would imply that K = 0, and then
we get the isomorphism Y ∼=M . So the proof is completed. 
Theorem 7.6. LetM be a ω-Gorenstein projective Λ-module which is not of finite
CM-type. Then there are indecomposable CM Λ-modules of arbitrarily large finite
length.
Proof. Assume for the contradiction that the class of all indecomposable CM Λ-
modules is of bounded length. So by Theorem 7.5, we deduce that M is fully
decomposable. Suppose that M = ⊕i∈IM
(ti)
i , in which for any i, Mi is an in-
decomposable CM Λ-module. By our assumption, F = {Mi | i ∈ I} is of
bounded length. By property 2 of 3.2, there are only finitely many Gabriel-
Roiter comeasures for F . Thus it is not a restriction if we additionally as-
sume that all modules in F have a fixed Gabriel-Roiter comeasure. Suppose that
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{S1, · · · , Sn} is the complete list of non-isomorphism simple Λ-modules. Putting
S = ⊕nj=1Sj , analogous to the proof of Theorem 3.3 (steps 2 and 3), for each
i, there is a Λ-homomorphism fi : Mi −→ S such that for any j ∈ I with
i 6= j, any composition map Mi −→ Mj
fj
−→ S is zero. In view of [6, Propo-
sition 1.4], there exists a right CM-approximation α′ : G′ −→ S, and so for any
i ∈ I, one may find a Λ-homomorphism gi : Mi −→ G
′ such that α′gi = fi.
Set g = (gi)i∈I : ⊕i∈IMi −→ G
′. Consider the exact sequence of Λ-modules;
0 −→ K
θ
−→ (⊕i∈IMi) ⊕ Λ
n [g β]−→ G′ −→ 0. Evidently, K is ω-Gorenstein pro-
jective and hence any direct summand of K is again ω-Gorenstein projective.
Consequently, by Theorem 7.5, K = ⊕i∈JKi, where for any i, Ki is an indecom-
posable ω-Gorenstein projective Λ-module. Now a similar result to Proposition
5.1 leads us to infer that I is a finite set, meaning that M is of finite CM-type,
which derives a contradiction. So the proof is completed. 
The result below, which is an immediate consequence of Theorem 7.6, should
be seen as the first Brauer-Thrall theorem for CM Λ-modules.
Corollary 7.7. Let the category of all indecomposable CM Λ-modules be of bounded
length. Then Λ is of finite CM-type.
7.8. According to [6], the category of CM Λ-modules admits almost split sequences.
Moreover, for a given object M ∈ modΛ, by [6, Proposition 1.4] there is a CM-
approximation X −→M . Hence one may deduce that the category of CM modules
has left almost split morphisms. Assume that A is a finite type subcategory of
CM Λ-modules. Then the same argument given in the proof of Proposition 6.5
(see also [8, Proposition 3.13]) indicates that for any X ∈ addA, there is a Λ-
homomorphism f : X −→ M with M ∈ addC = CM − A such that for any
L ∈ addC, Hom(f, L) is surjective, that is to say, f : X −→M is a C-preenvelope.
Theorem 7.9. Every ω-Gorenstein projective module is fully decomposable if and
only if Λ is of finite CM-type.
Proof. The ‘if’ part is Theorem 7.5. For the ‘only if’ part, assume that Λ is not
of finite CM-type. Analogues to the proof of Theorem 6.6, we obtain a pairwise
disjoint infinite family of finite type subcategories of CM modules A1,A2,A3, · · ·
as follows;
(i) A1 = addΛ
(ii) For any j > 1, Cj = (CM − (
⋃j−1
i=1 Ai)) and Aj = addKj , where Kj is Cj-
preenvelope of Λ, which exists, because of 7.8.
(iii) For any j, Aj is generator for Cj .
Now we would like to show that for any j, there is an indecomposable object Xj of
Aj such that there is not any epimorphism ⊕i>jMi −→ Xj in which M
,
is are inde-
composable objects of A,is. Otherwise, assume that {X1, · · · , Xt} is the set of all
pairwise non-isomorphic indecomposable objects of Aj and since ⊕
t
i=1Xi is finitely
generated, we could assume that there exists a Λ-epimorphism ⊕ni=j+1Mi −→
⊕tj=1Xj for some integer n > 0. Therefore, Main property (a) of 3.2 gives rise to
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the inequality min{µ∗(Xj) | 1 ≤ j ≤ t} ≥ min{µ
∗(Mi) | j + 1 ≤ i ≤ n}. Since by
construction of A,is, none of modulesMi is not a direct summand of Xj, the equal-
ity may not be accomplished. Letting µ∗(Ms) = min{µ
∗(Mi) | j+1 ≤ i ≤ n}, one
may find a Λ-epimorphism (⊕tj=1Xj)
m −→ Ms, for some integer m > 0, implying
that µ∗(Ms) > µ
∗(Xj), for some 1 ≤ j ≤ t, and so we derive a contradiction.
Consequently, for any i, there exists an indecomposable object Mi ∈ Ai such that
there does not exist any epimorphism ϕ : ⊕j>iMj −→ Mi, where M
,
js are inde-
composable objects of A,js. Now, for any i, we take only one of such modules Mi
and denote the class consisting of all these modules by F . Hence, according to
our assumption on Λ, F will be an infinite set of indecomposable pairwise non-
isomorphic CM Λ-modules. Therefore, similar to the argument given in the proof of
Theorem 6.6, we get Λ-homomorphisms fi :Mi −→ S such that for any j > i, each
composition map Mj −→ Mi
fi
−→ S is zero, where S = ⊕nj=1Sj and {S1, · · · , Sn}
is the complete list of non-isomorphism simple Λ-modules. As α′ : G′ −→ S is a
right CM-approximation, we obtain a Λ-homomorphism gi : Mi −→ G
′, for any
i. Setting g = (gi)i∈I : ⊕i∈IMi −→ G
′, we have an exact sequence of Λ-modules;
0 −→ K
θ
−→ ⊕i∈IMi ⊕ Λ
n [g β]−→ G′ −→ 0. Clearly, K is ω-Gorenstein projective
and so, by the hypothesis, it can be written as a direct sum indecomposable finitely
generated modules, say K = ⊕j∈JKj . Now the remainder of the proof goes along
the same lines of the method given in the proof of Theorem 5.2, by replacing Λ
and S with R and k, respectively. So we ignore it. 
Since over Gorenstein algebras, ω-Gorenstein projective Λ-modules are just
Gorenstein projective modules, as a direct consequence of Theorem 7.9 together
with Corollary 7.7, we recover Chen’s theorem [12, Main Theorem].
Corollary 7.10. Let Λ be a Gorenstein artin algebra. Then the following condi-
tions are equivalent:
(1) Λ is of finite CM-type.
(2) Any Gorenstein projective Λ-module is fully decomposable.
(3) The category of all indecomposable finitely generated Gorenstein projective
Λ-modules is of bounded length.
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